In this paper, we propose a method to generate entangled coherent states between two spatially separated atomic Bose-Einstein condensates (BECs) via the technique of the electromagnetically induced transparency (EIT). Two strong coupling laser beams and two entangled probe laser beams are used to make two distant BECs be in EIT states and to generate an atom-photon entangled state between probe lasers and distant BECs. The two BECs are initially in un-entangled product coherent states while the probe lasers are initially in an entangled state. Entangled states of two distant BECs can be created through performing projective measurements upon the two outgoing probe lasers under certain conditions. Concretely, we propose two protocols to show how to generate entangled coherent states of the two distant BECs. One is a single-photon scheme in which an entangled single-photon state serves the quantum channel to generate entangled distant BECs. The other is a multiphoton scheme where an entangled coherent state of the probe lasers is used as the quantum channel. Additionally, we also obtain some atom-photon entangled states of particular interest such as entangled states between a pair of optical Bell (or quasi-Bell) states and a pair of atomic entangled coherent (or quasi-Bell) states.
I. INTRODUCTION
According to quantum state superposition principle in quantum mechanics [1] , a quantum system may exist at once in several eigenstates corresponding to different eigenvalues of a physical observable. Quantum entanglement is a direct consequence of this principle applied to a composite quantum system. An essential feature of quantum entanglement is that a measurement performed on one part of the composite system determines the state of the other, whatever the distance between them, which implies the quantum mechanical non-locality [2, 3, 4, 5] . Quantum entanglement shared by distant objects is not only a key ingredient for the tests of the foundations of quantum mechanics, but also a basic resource in achieving tasks of quantum communication and quantum computation [6] . The ability to reliably create entanglement between spatially separated objects is of particular importance for the actual implementation of any quantum communication protocol and is also a prerequisite for distributed quantum computation.
Atomic ensembles and quantum light fields are promising candidates for the realization of quantum computing and quantum communication protocols [7] , with long-lived atomic states constituting quantum registers, upon which quantum logic operations can be locally performed, and light fields providing a means of distributing quantum information and entanglement between different nodes in a network of registers. The workability of such atom-light networks will depend heavily on the extent to which propagating light fields can reliably transfer quantum states and/or establish quantum entanglement between atoms at different nodes of the network.
In order to make entanglement a tangible, exploitable phenomenon one has to create entangled states of many particles, i.e., quantum entanglement on a macroscopic scale. So far four-ion, four-photon, five-photon, six-atom, and eight-trapped-ion entangled states [8, 9, 10, 11, 12] have been demonstrated experimentally. In recent years, much attention has also been paid to creating quantum entanglement between macroscopic atomic samples [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] due to their relatively simple experimental realization and robustness to single particle decoherence. There are several proposals to generate quantum entanglement between macroscopic atomic ensembles [19] and to explore its applications to quantum communication [15, 24, 25, 26] and quantum computation [27] . Polzik [13] proposed the first proposal to create distant entangled macroscopic atomic ensembles through using free propagating Einstein-Podolsky-Rosen-correlated (EPR) light. In the proposed scheme the nonlocal correlations transmitted by the light are mapped onto the atomic ensembles through atoms completely absorbing the light. A similar scheme [14] was suggested to generate entangled atomic ensembles by trapping correlated photons in the atomic ensembles in terms of the technique of intracavity electromagnetically induced transparency (EIT) [28] . Duan and coworkers [15] then proposed a more practical scheme to produce distant entangled atomic ensembles in collective-spin variables by using only strong coherent light and nonlocal Bell measurements. Shortly, a newer method of generating entangled atomic ensembles was proposed in Ref. [24] through performing project measurements on the forward-scattered Stokes light from two distant atomic ensembles. So far the two schemes of creating entangled atomic ensembles proposed in Refs. [15, 24] have been successfully demonstrated experimentally [16, 22] . On the aspect of atomic Bose-Einstein condensates (BECs) it has been shown that substantial many-particle entanglement can be generated directly in a two-component weakly interacting BEC using the inherent interatomic interactions [17, 29] and a spinor BEC using spin-exchange collision interactions [18, 20, 21] . Based on an effective interaction between two atoms from coherent Raman processes, Helmerson and You [23] proposed a coherent coupling scheme to create massive entanglement of BEC atoms. Deb and Agarwal [30] proposed a light-Bragg-scattering scheme for entangling two spatially separated BECs, in which a common probe light stimulates Bragg scattering in the two BECs. The resulting quasiparticles or particles in the two BECs get entangled due to quantum communication between the BECs via the probe beam. As well known, the generation of an entangled coherent state [31] is one of the most important ingredients of quantum information processing using coherent states [32, 33, 34, 35, 36] . In a previous paper [37] , one of the authors proposed a scheme for the generation of atom-photon entangled coherent states in the atomic BEC which exploits EIT in three-level atoms [38] . It has been shown how to create multistate atomphoton entangled coherent states when the atom-photon system is initially in an uncorrelated product coherent state. EIT is a kind of quantum interference effects [38, 39, 40, 41 ] and arises in three-level (or multilevel) atomic systems. The phenomenon can be understood as a destructive interference of the two pathways to the excited level and has been used to demonstrate ultraslow light propagation [42, 43, 44, 45, 46] , light storage and revivification [47, 48, 49] in many systems including atomic BECs [42, 43] .
In the present paper we propose a method for the generation of entangled coherent states of distant atomic BECs via the EIT technique and optical projective measurements. Our method uses a pair of strong coupling lasers and a pair of weak probe lasers. The coupling lasers are control lasers which are classically treated. The two probe lasers are quantized and initially entangled. The two pairs of lasers make the two distant BECs be in a EIT state. Under certain conditions one can deterministically create photon-atom entangled states between two probe lasers and two distant BECs. Then entangled states of distant BECs can be probabilistically generated through performing projective measurements on the two outgoing probe lasers. Concretely we will propose two protocols to create entangled coherent states of the two distant BECs corresponding to different initial entangled states of the two probe lasers. This paper is organized as follows. In Sec. II, we introduce the physical system involved in our consideration, establish our model, and give an approximate analytic solution of the model. In Sec. III, based on the analytic solution of the model we show how to create entangled states between photons and distant atomic BECs. In Sec. IV, we show how to create entangled coherent states between two distant atomic BECs. We shall conclude our paper with discussions and remarks in the last section.
II. PHYSICAL MODEL AND SOLUTION
We consider two spatially separated BECs denoted by BEC 1 and BEC 2 , respectively. They consist of the same kind of atoms with each atom having mass m. The two BECs are connected with each other through a pair of entangled laser fields which serve as two probe lasers. Other two coupling lasers together with the two probe lasers make two BECs be in EIT states (Fig.1) . Assume that condensed atoms in each BEC have three internal states labelled by |1 i , |2 i , and |3 i with energies E 1i , E 2i , and E 3i (i = 1, 2), respectively. The two lower states |1 i and |3 i are Raman coupled to the upper state |2 i via, respectively, a quantized probe-laser field and a classical coupling-laser fields of frequencies ω i1 and ω i2 in the Λ-type configuration indicated in Fig. 2 . The interaction scheme is shown in Fig. 1 . The condensed atoms in these internal states are subject to isotropic harmonic trapping potentials V in (r) for i = 1, 2, 3 and n = 1, 2, respectively. Furthermore, the atoms in the two BECs interact with each other via elastic two-body collisions with the δ-function potentials V
where U n ij = 4πh 2 a n ij /m with m and a n ij , respectively, being the atomic mass and the s-wave scattering length. A good experimental candidate of this system is the sodium atom condensate for which there exist appropriate atomic internal levels and external laser fields to form the Λ-type configuration which has been used to demonstrate ultraslow light propagation [42] and amplification of light and atoms [50] in atomic BECs.
The second quantized Hamiltonian to describe the system at zero temperature is given bŷ
whereĤ An gives the free evolution of the atomic fields, H In describes the dipole interactions between the atomic fields and laser fields for each BEC, andĤ Cn represents interatomic two-body collision interactions in each BEC. The free evolution of the two quantized probe laser fields is governed by the Hamiltonian
where ω n is the frequency of the n-th probe laser, andâ † n andâ n are the corresponding photon creation and annihilation operators for the n-th probe laser field, satisfying the boson communication relation [â n ,â † n ] = 1. The free atomic Hamiltonian is given bŷ
where E in are internal energies for the three internal states,ψ in (x) andψ † in (x) are the boson annihilation and creation operators for the |i -state atoms at position x for the n-th BEC, respectively, they satisfy the stan-
The atom-laser interactions in the dipole approximation can be described by the following Hamiltonian
where dipole coupling constants are defined by g n = µ 21 E 1n /h and Ω n = µ 23 E 2n /h with µ ij denoting a transition dipole-matrix element between states |i and |j , E 1n = hω 1n /2ǫ 0 V being the electric field per photon for the quantized probe light of frequency ω 1n in a mode volume V , and E 2n being the amplitude of the electric field for the classical coupling light of frequency ω 2 , k 1n and k 2n are wave vectors of correspondent laser fields. The interatomic collision Hamiltonian is taken to be the following form
where a sc i is the s-wave scattering length of condensed atoms in the internal state |i and a sc ij that between condensed atoms in the internal states |i and |j . For a weakly interacting BEC at zero temperature there are no thermally excited atoms and the quantum depletion is negligible, the motional state is frozen to be approximately the ground state. One may neglect all modes except for the condensate mode and approximately factorize the atomic field operators asψ in (x) ≈ b in φ in (x) where φ in (x) is a normalized wavefunction for the atoms in the BEC in the internal state |i , which is given by the ground state of the following Schrödinger equation
wherehν in is the energy of the mode i, and ν in denotes the frequency to the free evolution of the condensate in the internal state |i . Substituting the single-mode expansions of the atomic field operators into Eqs. (3) (4) (5) , we arrive at the following approximate Hamiltonian
where the two commutable parts of the Hamiltonian are given bŷ
where the modesâ n (n = 1, 2) correspond to the two probe laser fields, the modesb in (n = 1, 2, and i = 1, 2, 3) to atomic fields in the three internal state, respectively. Here g 1n and g 2n denote the laser-atom dipole interactions. They are defined by
And λ in and λ ijn (i, j = 1, 2, 3) describe interatomic interactions (s-wave elastic scattering) given by
Properly choosing a unitary transformation, we can transfer the time-dependent Hamiltonian (7) to the following time-independent Hamiltonian
whereĤ In (n = 1, 2) can take the following form
where ∆ 1n = ν 2n − ν 1n − ω 1n and ∆ 2n = ν 2n − ν 3n − ω 2n are the detunings of the corresponding probe and coupling laser beams, respectively. We consider the situation of the ideal EIT which is attained only when the system is at the two-photon resonance with the detuning ∆ = ∆ 1n = ∆ 2n and the involved lasers are applied adiabatically. Initially the lasers are outside the BEC medium in which all atoms are in their ground state, i.e., the internal state |1 i (i = 1, 2). These condensed atoms are generally in a superposition state of the state |1 i and the state |3 i when they are in EIT. However, when the coupling laser is much stronger than the probe laser, atomic population at the intermediate level approaches zero while the upper level is unpopulated when EIT occurs [40] . Hence, when the BECs are in EIT states, under the condition of (g 1n /g 2n ) 2 << 1 the terms which involveb † 2nb 2n andb † 3nb 3n in the Hamiltonian (8) may be neglected, and from the Hamiltonian (8) we can adiabatically eliminate the atomic field operators in the internal states |2 and |3 [37] . Then, the resulting effective Hamiltonian contains only the atomic field operators in internal states |1 n and the probe field operators and have the following simple form
where we have setb n =b 1n ,b † n =b † 1n and λ n = λ 1n for the simplification of notations, and we have also taken h = 1 and introduced
Obviously, the effective four-mode Hamiltonian (13) is diagonal in the Fock space with the bases defined by
which are eigenstates of the effective Hamiltonian with the eigenvalues given by the following expression
where n i and m i take non-negative integers.
It should be mentioned that in most textbooks on EIT [40, 41] , both the probe and coupling lasers are treated classically, the decay of excited states is included in the dynamics of the internal states through a set of densitymatrix equations of the atomic system, the decay promotes the trapping of the atom into a dark state. Contrary to the usual treatment of EIT, the probe laser is quantized in present paper. A limitation of our present treatment is that we have ignored the decay rates of various levels. However, this ignorance of the decay rates is a good approximation for the adiabatic EIT that we study in the present paper, since the adiabatic EIT is insensitive to any possible decay of the top level [51] .
III. GENERATION OF ENTANGLED STATE BETWEEN PHOTONS AND DISTANT BECS
In this section, as one of the key ingredients to create entangled coherent states of the two distant BECs we investigate the generation of atom-photon entangled state between the two probe laser fields and two distant BEC system in terms of analytic solution obtained in the previous section. Since there does not exist direct interaction between the two distant BECs under our consideration, entangled states between them can not be created through interaction between two distant BECs if they are initially not entangled. However, if the two probe laser fields are initially in an entangled state, it is possible to create entangled state of the two distant BECs through performing appropriate quantum measurements upon output state of the two probe laser fields. In some sense we can say that entanglement is transferred from the two probe laser fields to the two distant BECs. An initial entangled state of the two probe laser fields can be regarded as a quantum channel to create quantum entanglement between the two distant BECs. Once the quantum channel is given, one of important steps of creating entangled distant BECs is to generate photon-atom entangled state. In order to be specific, we here use an entangled single-photon channel to show how to create a hybrid entangled state between the two probe laser fields and two distant BECs to make preparation for obtaining entangled states of distant BECs which will be discussed in the next section.
We assume that the two distant BECs are initially uncorrelated and they are in a two-mode product coherent state
(α 2 )|0, 0 with the displacement operators being defined by Db
, while the entangling source produces a pair of the probe lasers which is in the entangled singlephoton state
Then the joint initial state of the atom-photon system is given by
Assume that the lasers are adiabatically applied at the time of t = 0, then from Eqs. (13) (14) (15) (16) (17) (18) it is straightforward to show that after an interaction time t the joint state of the system will be given by
where we have introduced two wave functions for the two distant BECs
where the two wave functions of the single BECs are defined by
In the following we shall see that starting with the state given by Eq. (19), different atom-photon entangled states can be obtained at different evolution times of the joint system under our consideration through adjusting various interaction strengths and the detunings. In order to see this, for simplicity we suppose that g 1n = g 2n = g, ω 
where two running frequencies θ mi and θ ′ mi are defined by
where we have introduced a real effective interaction parameter K defined by
which describes an effective interaction induced by three adjustable parameters of the involved lasers and two distant BECs: the dipole interaction strength g, the interatomic interaction strength λ, and the two-photon detuning ∆. The effective interaction parameter K can takes positive or negative values which depends on the signs of λ and ∆. For an atomic BEC with a positive s-wave scattering length, K is positive (negative) when the twophoton detuning ∆ is positive (negative). These indicate that there is a large space to adjust values of the effective interaction parameter K. From Eqs. (19) to (23) we can see that the time evolution characteristic of the system under our consideration is completely determined by the effective interaction parameter. These generalized coherent states given by Eq. (22) differ from a conventional Glauber coherent state by an extra phase factor appearing in the decomposition of such states into a superposition of Fock states. They can always be represented as a continuous sum (integral) form of Glauber coherent states. And under appropriate periodic conditions, they can reduce to discrete superpositions of coherent states. In order to see this, we express states given by Eq. (22) as the following integral form
where the two phase functions are introduced with the following expressions
It should be kept in mind that we want to create entangled coherent states for two distant BECs what we expect. Eq. (25) indicates that both the state |φ α1α2 (τ ) and the state |φ ′ α1α2 (τ ) are continuous superposition states of two-mode product coherent states. From Eqs. (22) (23) (24) (25) (26) we can see that the values of the effective interaction parameter K may seriously affect the form of the states given by Eq. (25) . Of particular interesting is the situation where K takes values of nonzero integers. In this case, both θ mi and θ ′ mi take integers. Making use of Eq. (22) and Eq. (23), from Eqs. (19) and (20) we can see that |Φ(τ + 2π) = |Φ(τ ) , which implies that the time evolution of the joint wavefunction given by Eq.
(19) is a periodic evolution with respect to the scaled time τ with the period 2π. On the other hand, suppose that the scaled interaction time τ takes its values in the following manner
where M and N are mutually prime integers, then we can find that
which means that the two exponential phase functions in the states given by Eq. (25) are also periodic functions with respect to m i with the same period N . If τ takes its values according to Eq. (27) , as a fraction of the period, then the two states given by Eq. (25) become discrete superposition states of product coherent states, and they can be expressed as follows
the running phase is defined by the following expression
and different superposition coefficients are given by
Now it is easy to see that after an interaction time τ = 2πM/N with the lasers the joint state given by Eq. (19) becomes
The state given by Eq. (32) is generally an atomphoton entangled state between the two probe laser fields and the two distant BECs. It is interesting to note that it is a hybrid entangled state in which one subsystem (photon) is discrete while another (BEC) is continuous, since it exhibits quantum entanglement between two distinct degrees of freedom [55, 56, 57, 58] . In principle, hybrid entangled state can serve as a valuable resource in quantum information processing and build up a bridge between quantum information protocols of discrete and continuous variables. As a specific example of creating atom-photon hybrid entangled states, we discuss the case of K = 1. Assume that the probe lasers and the condensates are initially in the state given by (18) with θ = π/4 and ϕ = 0. When K = 1, N = 4, and M = 1, from Eqs. (31) and (32) we find that after the interaction times τ = π/2 the joint wave function given by Eq. (32) becomes the following hybrid entangled state (33) where |B(±π/4, 0) are two optical Bell states defined by
while |E(α 1 , ±α 2 ) are two normalized entangled coherent states [59] for the two BECs, they are defined by
where the normalized constant is given by
which gives the normalized constant in Eq. (33) by the form N = (N αβ /2) 1/2 . When β = ±α, the two states |E(α 1 , ±α 2 ) become quasi-Bell states which will defined in the next section.
Atom-photon entangled states given by Eqs. (32) and (33) are important results of the present paper. They indicate that we can deterministically generate atomphoton entangled states between the two probe lasers and the two distant BECs. In particular, we note that the entangled state given by Eq. (33) In what follows we will observe that these atom-photon entangled states in this section produced give a supply for the generation of entangled coherent states of the two distant BECs which will be investigated in the next section.
IV. GENERATION OF ENTANGLED COHERENT STATES FOR DISTANT BECS
From the discussions of the previous section we can see that different atom-photon entangled states between the probe lasers and the two distant BECs can be obtained using different initial entangled states (quantum channels) of the probe lasers. In this section we study the generation of entangled coherent states of the two distant BECs using different quantum channels. Concretely, we will propose two schemes to create entangled coherent states of the two distant BECs. One is a single-photon scheme, the other is a multiphoton scheme. An entangled single-photon state is used to serve the quantum channel in the single-photon protocol while an entangled coherent-state acts as the quantum channel in the multiphoton scheme.
A. The entangled single-photon-state scheme
In this subsection we discuss how to produce entangled coherent states between two distant BECs using the single-photon quantum channel. In this case, the two probe lasers are initially in the entangled single-photon state |B(θ, ϕ) given by Eq. (17) in which there is an onephoton state in each probe mode while the two BECs are initially in a product coherent state. Then the joint initial state of the atom-photon system is given by (18) . We note that at a time t the state of the system under our consideration is given by (19) , and it can be expressed in terms of optical Bell bases of probe photons as the following form
where |B(±π/4, 0) are two optical Bell states defined by Eq. (34) and we introduce the following superposition states of the two BECs
Starting with the state given by Eq. (37), we can see that the superposition states of the two distant BECs defined by Eq. (38) can be probabilistically produced through performing optical Bell measurements upon the outgoing states of the two probe lasers. From the discussions of the previous section we can see that both |φ α1α2 (t) and |φ ′ α1α2 (t) are generally superposed coherent states. Hence, in general the states |ψ α1α2 (t) + and |ψ α1α2 (t) − are entangled coherent states. In particular, when τ = 2πM/N with M and N being prime numbers, we have the following entangled coherent states
where the superposed coefficients are given by
It is interesting to note that the entangled coherent states given by Eq. (39) are higher-dimensional entangled coherent states which are superposed states of N 2 linearly independent product coherent states |α 1 e iϕr 1 |α 2 e iϕr 2 with r i = 1, 2, · · · , N and i = 1, 2. However, from Eqs. (38-40) we can also see that when the two probe lasers are initially not entangled, i.e., θ = kπ or θ = (2k + 1)π/2 with k being an arbitrary integer, the states given by Eqs. (38) and (39) are not entangled states. This means that only when the two probe lasers are initially entangled, it is possible to generate entangled states of the two distant BECs through performing optical Bell measurements. In this sense we can say that quantum entanglement between the two probe lasers is transferred to the two distant BECs through performing optical Bell measurements.
In order to be more specific, let us consider the case of K = 1, N = 4, and M = 1. From Eq. (19) 
where C ± (θ, ϕ) = cos θ ± sin θe iϕ , and ||E(α 1 , ±α 2 ) ≡ |α 1 , ±α 2 + | ± α 1 , α 2 are two un-normalized entangled coherent states.
Especially, the state given by Eq. (41) indicates that for the case of K = 1 if initially the two probe lasers is in an optical Bell state given by Eq. (17) with θ = π/4 and ϕ = 0, then after an interaction time τ = π/2 optical Bell measurements upon the two outgoing probe lasers can induce the following two-state entangled coherent states between the two distant BECs (after normalization)
where |E(α 1 , ±α 2 ) are entangled coherent states defined in Eq. (35) . They are quantum superpositions of four macroscopically distinguishable and linearly independent coherent states |α 1 , α 2 , |α 1 , −α 2 , |α 1 , −α 2 , and |−α 1 , −α 2 . This means that quantum entanglement of the two single photons in the two probe-laser modes can induce the probabilistic generation of atomic entangled coherent states for the two distant BECs through projective measurements. The preparation of the entangled single-photon state given by Eq. (17) and Bell measurements of optical Bell states |B(±π/4, 0) given by Eq. (34) are significant ingredients in the present single-photon scheme. As for the preparation of these optical Bell states, Browne et al. [60, 61] have developed a simple protocol to generate the entangled single-photon state given by Eq. (17) using only beam splitters and on-off photon detectors from two pairs of two-mode squeezed vacuum states. The setup of the BEST protocol [60] is indicated in Fig. 3 which consists of two beam splitters, two on-off photon detectors. Modes 1 and 2, modes 3 and 4 are fed with weak two-mode squeezed vacuum states (1 − q 2 )Σ n,m q n+m |n, n 12 ⊗ |m, m 34 , which can be approximately expressed as the following un-normalized state (up to the order of q 2 )
|ψ q 1234 ≈ |0000 + q(|0011 + |1100 )
where the parameter q = tanh(r) (0 ≤ q ≪ 1) is determined by the squeezing parameter r. Such states with low values of r are easily produced in experiments. For instance, two-mode squeezed vacuum states have been used to demonstrate experimentally quantum teleportation of a coherent state [62] and quantum dense coding with continuous variables [63] . In these experiments the squeezing parameter takes its values of r ≃ 0.35 and 0.23, respectively. LetÛ 1 (r 1 , t 1 ) andÛ 2 (r 2 , t 2 ) denote unitary transformations of the two beam splitters with transmissivity t 1 and t 2 , and reflectivity r 1 and r 2 , which satisfy the relation |r i | 2 + |t i | 2 = 1 with i = 1, 2. The two beam-splitter transformations are given bŷ
which produce the output state of the two beam splitters given byÛ 1 (r 1 , t 1 )Û 2 (r 2 , t 2 )|ψ q 1234 with the following expression
In the derivation of Eq. (45) we have used the following transformation relations for photonic creation operators of the incoming fields [64, 65 ]
The on-off detectors distinguish between vacuum and the presence of any number photons. An ideal on-off detection with quantum efficiency η = 1 can be described by the positive operator-valued measure (POVM) of each detectorΠ = |0 0| andD = I − |0 0|. We consider two on-off detectors with the same quantum efficiency η by the operator [66, 67] 
Then the entangled single-photon state of the form defined by Eq. (17) can be produced for arbitrary values of the parameters θ and ϕ in Eq. (17) through the procedure indicated in Fig. 3 with the following output state (48) which describes two identical two-mode squeezed states are mixed pairwise at unbalanced beam splitters followed by the on-off photon detections which are indicated in Fig. 3 .
Through length but straightforward calculations, making use of Eqs. (45) and (47) from Eqs. (43) and (48) we can find that
where the five coefficients are given by
After taking trace of the state (49) over modes 3 and 4, we find the reduced density operator of the normalized state of modes 1 and 2 to be the following form
+P 00 (|00 12 00| + P 01 (|01 12 01|,
where the producing probabilities of the corresponding states are given by
where we have introduced the symbol
and the expected state |ψ 12 has the following form
which is the entangled single-photon state of the form defined by Eq. (17) . From the expressions of χ 1 and χ 2 given by Eq. (50) we can see that the entangled singlephoton state by Eq. (54) is independent of the quantum efficiency of the on-off detectors. This means that the quantum efficiency of the on-off detectors does not affect the fidelity of the prepared state. From Eqs. (51-54) we can see that the entangled singlephoton state (17) or (54) can be near-deterministically produced if P ψ ≈ 1, P 10 ≈ 0, P 00 ≈ 0, and
In what follows we show that two optical Bell states defined by Eq. (34) can be obtained using above procedure through properly choosing parameters of the two beam splitters. In order to see this, we choose t 2 ≈ 0 and r 2 ≈ 1 for the second beam splitter, and take qχ 2 = ±χ 1 which leads to r 1 ≈ ±q and t 1 ≈ 1 − q 2 for the first beam splitter in which q is defined in Eq. (43) . In this case, the five coefficients given by Eq. (50) become
and the entangled single-photon state |ψ 12 becomes
which are two optical Bell states defined in Eq. (34) . And the success probabilities of the corresponding states in Eq. (52) become
which indicate that in the weak squeezing regime of 0 < q ≪ 1 we can always find P ψ ≈ 1, P 10 ≈ 0, P ψ ≈ 0, and P 01 ≈ 0 due to 0 < η ≤ 1. In fact, from the expressions of the probabilities given by Eqs. (57) we can see that the quantum efficiency of the two detectors does not seriously affect the success probability of generating optical Bell states defined in Eq. (17) . For instance, when q = 0.1 and η = 1, we have P ψ ≈ 98.98% while when q = 0.1 and η = 0.7, we have P ψ ≈ 98.97%. Therefore, in the scheme under our consideration optical Bell states (34) can be produced perfectly with the success probability of approaching unity by using two pairs of two-mode squeezed vacuum states in the weak squeezing regime and on-off detections of photons. It is a nontrivial thing to distinguish two optical Bell states defined by Eq. (34), which are energy-entangled Bell states since they are defined in the energy representation. To our knowledge, there are a few methods for Bell measurements of the polarization-entangled Bell states and the momentum-entangled Bell states of photons [68, 69] , but no scheme is available for Bell measurements of the energy-entangled Bell states of photons. Recent achievements on cavity QED [70] provide us with the possibility of distinguishing energy-entangled Bell states of photons. In what follows we show that two optical Bell states defined by Eq. (34) can be distinguished using entanglement in additional auxiliary atomic systems through mapping two optical Bell states into two atomic Bell states. In order to do this, consider two single-mode cavities which are initially fed with one of the two energyentangled Bell states given by Eq. (34) . Each cavity contains a two-level atom. Two atoms in two cavities interact resonantly with two cavity fields with the Hamiltonian
which implies that if the two cavity fields are initially in two optical Bell states given by Eq. (34) and two atoms are initially in the ground state |g, g , then at the time of Ωt = π, the state of the field-atom system governed by Eq. (58) becomes
where U is the time evolution operator corresponding to the Hamiltonian (58). From Eq. (59) we can see that the discrimination of the two optical Bell states given by Eq. (34) is now changed into distinguishing two atomic Bell states (|g, g ± |e, e )/ √ 2. Assume that the two atoms in the two cavities are initially in the two atomic Bell stats (|g, g ± |e, e )/ √ 2, applying two classical laser fields to the two atoms, it is easy to find that the two atomic Bell states with the π/2 evolution of the system performs the following transformations
which indicate that when both of the two atoms in the two cavities are detected to be in the excited state |e, e or the ground state |g, g , the atomic Bell state (|g, g + |e, e )/ √ 2 is identified. When one atom is detected to be in the excited state and another to be in the ground state, i.e., |e, g or |g, e , the atomic Bell state (|g, g − |e, e )/ √ 2 is identified. This implies the discrimination of the two energy-entangled Bell states of photons given by Eq. (34) .
It is worthwhile to mention that the physical mechanism of generating atom-atom entangled states between two distant BECs in this section is very different from that of producing atom-photon entangled states in the previous section. There are two key factors to generate quantum entanglement between two distant BECs. One is that the two probe laser fields must have the initial quantum entanglement as indicated in the above discussion. In this sense the appearance of the entanglement of the two distant BECs is the result of entanglement transferring from the two probe lasers to the two distant BECs through performing optical Bell measurements. The other is that the concrete form of entangled coherent states depends upon the parameters of the applied lasers and the two BECs and the interaction time.
It should be mentioned that one drawback of using the entangled single-photon state as a quantum channel for generating entangled coherent states of distant BECs is that it is extremely sensitive to photon loss and detection inefficiency. In particular, the completely correlated state is destroyed by loss of even a single photon. Other correlated states may have somewhat less strict requirements. In order to overcome this disadvantage in the following we will use the entangled coherent-state channel to create entangled coherent states of distant BECs. Because entangled coherent states are multiphoton states, they are more robust against small levels of photon absorption losses.
B. The entangled coherent-state scheme
In complete analogy to the above discussion, the entangled coherent state channel can be used to create entangled states of distant BECs. In order to see this, we assume that the two distant BECs are initially uncorrelated and they are in a two-mode coherent state |α 1 , α 2 while the pair of the probe lasers are initially in the entangled coherent state |E(β, β) + defined by Eq. (35) which is a quasi-Bell basis. As well known, for a given nonzero number β there are four linearly independent two-mode coherent states |β, β , |β, −β , | − β, β , and | − β, −β . They compose four normalized quasi-Bell basis defined by
where the normalization constants N −1/2 ± (β) = 2 ± 2 exp(−4|β|
2 ) and four un-normalized quasi-Bell states are given by
The four normalized quasi-Bell states defined by Eq. (61) are orthogonal to each other except |qB(β, β) + and |qB(β, −β) + which have the following orthogonal relation
which indicates that the two quasi-Bell states |qB(β, β) + and |qB(β, −β) + rapidly become orthogonal as β grows. For example, when |β| ≥ 2, the overlap + qB(β, β)|qB(β, −β) + ≤ 2.2 × 10 −7 . Obviously, these quasi-Bell basis are a type of special entangled coherent states. Since an entangled coherent state is a superposition state of all number states of photons for the two probe laser modes, the scheme based on the entangled coherent-state quantum channel is actually a multiphoton protocol. Then the joint initial state of the whole atom-photon system is given by
Assume that the lasers are applied adiabatically at the time of t = 0, then from Eqs. (13), (16) and (18) it is straightforward to show that the joint state of the system after the interaction time t becomes a superposition state of two wavefunction given by
where the two wave functions |ϕ ±βα (t) are defined by
where we have introduced
whereĤ n denotes the effective interaction Hamiltonian between nth probe laser and nth BEC (n = 1, 2) given byĤ
In a previous paper [37] , it has bee shown that the states given by Eq. (67) are two-mode generalized coherent states. They can be expressed as continuous superposition states of two-mode product coherent states 
where the effective interaction parameter K is defined in Eq. (24) .
From Eqs. (69) (70) (71) we can see that when K takes an integer, |ϕ ±βα (τ ) n is periodic with the period of 2π. In particular, when the scaled time τ takes its values in the following manner
where M and N are mutually prime integers, we can find the states given by Eq. (69) become discrete superposition states of product coherent states
where the two running phases are defined by
and the superposition coefficients c rs to be given by
Then after an interaction time τ = 2πM/N with the lasers the joint state given by Eq. (65) |Φ(τ = 2πM/N ) becomes
which is generally an atom-photon entangled coherent state between the two probe laser fields and the two distant BECs. We note that the state given by Eq. (76) can be expressed as a superposition state of un-normalized two-mode Cat states of the probe laser fields and product coherent states of the two distant BECs in the following simple form
where the un-normalized two-mode Cat states are defined by 
which implies that one can not obtain entangled coherent states of the two distant BECs from the atom-photon entangled state given by Eq. (76) through performing projective measurements on these Cat states. Without loss of generality, but avoiding the lengthy calculation relative to the state given by Eq. (76), as a specific example, let us have a look at the case of τ = π/2 with K = −1, N = 4, and M = 1. In this case, we find the joint state of the system given by Eq. (76) becomes
where ||E(α 1 , α 2 ) − is an entangled coherent state defined by
which reduces to a quasi-Bell state when α 2 = ±α 1 . From the atom-photon entangled state given by Eq. (80) we can see that entangled coherent states of the two distant BECs can be produced through performing nonlocal Bell measurements on quasi-Bell states of the two probe lasers. When the two probe lasers are in quasi-Bell states |qB(β, β) + and |qB(β, −β) + , the two distant BECs collapses to entangled coherent states denoted by un-normalized entangled coherent states ||E(α 1 , −α 2 ) and ||E(α 1 , α 2 ) − , respectively. After normalization the first entangled coherent state denoted by |E(α 1 , −α 2 ) is the same as that given by Eq. (42) in the single-photon protocol. It is interesting to note that the state given by Eq. (73) is an atom-photon entangled state between a pair of optical quasi-Bell states of the two probe lasers and a pair of atomic entangled coherent states of the two distant BECs. This kind of atom-photon entangled states gives a new entanglement resource for quantum networks based on the atom-photon quantum interface.
It should be pointed out that in the entangled coherent-state scheme we have to prepare the quasiBell state |qB(β, β) + and to perform Bell measurements with respect to four quasi-Bell basis represented by |qB(β, β) ± and |qB(β, −β) ± . It is a nontrivial matter to prepare a quasi-Bell state. Glancy et al. [36] proposed a scheme to generate optical quasi-Bell states using a single-mode cat state. They indicate that the optical quasi-Bell state |qB(β, β) can be created by sending a cat state of the form | − √ 2β + | √ 2β and the vacuum state into the input ports of a 50:50 beam splitter. Then the output ports of the beam splitter will contain entangled modes of the optical quasi-Bell state. So the problem of generating optical quasi-Bell states is reduced to the generation of single-mode optical cat states while cat states can be created by sending a coherent state into a nonlinear medium exhibiting the Kerr effect [71] . Howell and Yeazell [72] presented an alternative approach to the generation of the optical quasi-Bell states. The setup considered in Ref. [72] applies a Mach-Zehnder interferometer equipped with a cross-Kerr medium in each of two spatially separated modes.
Nonlocal Bell measurements with respect to four optical quasi-Bell basis can be accomplished by the scheme developed in Refs. [33, 34] with arbitrarily high precision using beam splitters, phase shifts, nonlinear Kerr medium, coherent light sources, and photodetectors. In order to perform a Bell measurement of a optical quasiBell state, send the two modes labelled byâ 1 ,â 2 involved in the corresponding quasi-Bell state into a 50:50 beam splitter
. Then use photon counters to measure the number of photons in each mode. A complete Bell measurement of the quasi-Bell state can be accomplished through measuring the photon number parity, the absence and presence of photons (i.e., zero or nonzero photons) in the two modes using on-off photon detectors. If an odd (even) number of photons in modeâ 1 are detected while zero photons in modeâ 2 is detected, a Bell measurement with respect to the quasiBell state |qB(β, β) + (|qB(β, β) − ) is completed. When no photon is detected in modeâ 1 while even (odd) number of photons in modeâ 2 are detected, a Bell measurement with respect to the quasi-Bell state |qB(β, −β) + (|qB(β, −β) − ) is done.
From the above discussions we can see that Kerr medium is required for both preparing and measuring the optical quasi-Bell states in all of the above schemes. It is a greater challenge to experimentally produce large Kerr nonlinearities. Although sufficiently large Kerr nonlinearities have been difficult to produce, significant progress is being made in this area. In particular, recent progress on atomic quantum coherence [42, 51, 73, 74, 75] indicates that it is possible to prepare Kerr media with the giant Kerr nonlinearities through using the EIT technology. Paternostro and coworkers [73] proposed a double EIT scheme which can enhance the cross-Kerr effect in a dense atomic medium in the EIT regime. Especially, it has been proved that the interaction of two travelling fields of light in an atomic medium is able to show giant Kerr nonlinearities by means of the so-called cross-phasemodulation. Measured values of the χ 3 parameter are up to six orders of magnitude larger than usual [42] . Therefore, our protocol is at the reach of current experiment.
V. CONCLUDING REMARKS
In this paper, we have presented a method to generate entangled coherent states between two distant BECs using EIT techniques. Concretely we have proposed two protocols of generating entangled coherent states of two distant BECs in terms of involved different quantum channels. One is the single-photon protocol, another is the multiphoton one. Two strong coupling laser beams and two entangled probe laser beams are used to make two distant BECs be in EIT states and to generate an atom-photon entangled state between a pair of probe lasers and two distant BECs. The atom-photon entangled state is a supply of generating entangled coherent states of distant BECs. The concrete form of the atom-photon entangled state depends on the parameters of applied lasers and BECs, the initial states of the entangled probe lasers and two BECs, and the interaction time. Since what we want is to generate entangled coherent states of two distant BECs, we choose the initial states of two BECs are coherent states. The initial entanglement of the two probe lasers plays a key role in the proposed method of generating entangled coherent states of two distant BECs. If there is no the initial entanglement of the two probe lasers, one can not create quantum entanglement of the two distant BECs in the system under our consideration. In this sense we can say entanglement between two probe lasers is transferred on two distant BECs via projective measurements. In other words, the entangled probe lasers induce the generation of entangled distant BECs. The concrete form of the initial entangled states of the two probe lasers affects the forms of the generated atom-photon entangled states and projective measurements. An initial entangled state of the two probe lasers can be considered as a quantum channel to create entangled states of two distant BECs. Quantum entanglement is transferred from the two probe lasers to the two distant BECs through performing projective measurements. We have explicitly shown how to generate entangled coherent states for the two distant BECs in both of the single-photon and multiphoton protocols.
We have also obtained some atom-photon entangled states of particular interest between two probe lasers and two distant BECs. For instance, in the single-photon scheme we have deterministically generated the atomphoton entangled state consisting of a pair of optical Bell states and a pair of atomic quasi-Bell states for the two correlated probe lasers and the two distant BECs. This entangled state given by Eq. (33) is a hybrid entangled state between discrete-variable states and continuous variable states, such a kind of hybrid entangled states can serve as a valuable resource in quantum information processing and build up a bridge between quantum information protocols of discrete and continuous variables. In the multi-photon scheme we have deterministically generated the atom-photon entangled state consisting of a pair of optical quasi-Bell states and a pair of atomic quasi-Bell states. These entangled states consisting of optical Bell or quasi-Bell states and atomic quasi-Bell states provide us with a new resources of entanglement, and may open new ways to carry out quantum information processing based on the atom-photon quantum interface.
We have shown how it is possible to prepare entangled coherent states of the two distant BECs in both suggested protocols. In particular, in the single-photon scheme only low two-mode squeezed vacuum states and quadraturephase homodyne measurements are required in the preparation and detection of the optical Bell states. These make the single-photon protocol experimentally feasible at present. In the multiphoton scheme, the hard tasks are to prepare and detect an optical entangled coherent state. We have seen that both preparing and measuring an optical entangled coherent state require nonlinear Kerr media. EIT has been studied as a method to obtain giant Kerr nonlinearity. There have been experimental reports of indirect and direct measurements of giant Kerr nonlinearities utilizing EIT [42, 74, 75] . Although this developing technology has not been exactly at hand to generate and to detect an optical entangled coherent state, it enables the multiphoton protocol at the reach of the present-day techniques. The experimental realization for the protocols proposed in the present paper deserves further investigation.
